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Abstract. We compute the power spectrum Pζ and non-linear parameters fNL and τNL
of the curvature perturbation induced during inflation by the electromagnetic fields in the
kinetic coupling model (IFF model). By using the observational result of Pζ , fNL and τNL
reported by the Planck collaboration, we study the constraint on the model comprehensively.
Interestingly, if the single slow-rolling inflaton is responsible for the observed Pζ , the con-
straint from τNL is most stringent. We also find a general relationship between fNL and τNL
generated in this model. Even if fNL ∼ O(1), a detectable τNL can be produced.
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1 Introduction
Recently, a possibility of a vector field playing important roles during inflation has been
intensely studied. Although a U(1) gauge field is not fluctuated during inflation in its minimal
form due to the conformal symmetry, several ideas to extend it are proposed. Among them,
the kinetic coupling model [1] is nicely simple, free of ghost instabilities [2] and well motivated
by the supergravity or the string theory frame work [3–8]. The model action is given by
SA =
∫
dηd3x
√−g
[
−1
4
I2(φ)FµνF
µν
]
, (Fµν ≡ ∂µAν − ∂νAµ) , (1.1)
where Aµ is a gauge field, φ is a homogeneous and dynamical scalar field which is not neces-
sarily the inflaton and η is the conformal time. Extensive literature explores its theoretical
and observational consequences.
Earlier works are aimed at generating the primordial magnetic field during inflation
or “inflationary magnetogenesis” ( e.g., [9, 10] and reference therein). It is observationally
known that most galaxies and galaxy clusters have O(10−6)G magnetic fields and recently
O(10−15)G magnetic field in void regions are reported to be detected [11–14]. Since no suc-
cessful astrophysical mechanism which can illustrate their origins are known, it is interesting
to seek them in the inflation era. Under such conditions, the kinetic coupling model was
expected to realize the magnetogenesis. Unfortunately, however, it turns out that the model
suffers from the so-called back reaction problem [5, 15–17] to generate the primordial mag-
netic field enough to explain the observations. The back reaction problem addresses that the
energy density of the electromagnetic fields should be less than the inflation energy density,
otherwise the consistency of inflationary magnetogenesis is invalid (see sec. 2). As another
theoretical problem, so-called a strong coupling problem is also stressed [15]. This problem
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restricts the small kinetic coupling I(φ)≪ 1 during inflation to ensure the perturbative ap-
proach in terms of quantum loop effects [4, 15]. 1 When these problems are taken seriously,
there does not exist any successful inflationary magnetogenesis scenario even in the context
of the kinetic coupling model. 2 Beyond the context of the inflationary magnetogenesis to
generate the observed magnetic fields, recently, the gauge field has been focused on as a
source of the adiabatic curvature perturbations and also the tensor perturbations [20–23].
3 It gives specific features in the perturbations, e.g., as a statistical anisotropy [28–32], non-
gaussianity [33–38], and cross correlations between the gauge field and the curvature/tensor
perturbations [39–41]. In other words, in a similar way to the back reaction problem, it
is expected that the precise information about the primordial perturbations derived from
the cosmological observations gives a new constraint on the kinetic coupling model. Quite
recently, the Planck collaboration has reported updated observational information about the
primordial curvature perturbations, especially, e.g., the amplitude of curvature perturbation
Pζ , non-linearity parameters fNL and τNL which represent the amplitudes of the bispectrum
and trispectrum respectively [44, 45]. Thus it is appropriate time to investigate the pri-
mordial curvature perturbations induced from the gauge field in the kinetic coupling model
precisely, and to derive a constraint on the model.
In spite of its importance, limited attentions are paid to induced curvature perturbations
in the kinetic coupling model. Actually previous works are done only under either of following
assumptions 4 ; (1) I(φ) ∝ a±2 is given and it produces exact scale-invariant spectra of electric
or magnetic fields. (2) φ of I(φ) is the inflaton field, where the quantum fluctuations of the
inflaton is responsible for the dominant source of the curvature perturbations and the effect
of the gauge field on the inflaton fluctuations through the direct coupling I(φ)FµνFµν is
investigated.
In this paper, we consider more general situations, where we specify neither the scalar
field in the kinetic coupling, I, nor the dominant source of the curvature perturbations and
the functional form of I is given by I ∝ a−n for an arbitrary n ≥ 2. Our strategy is simple.
We derive the evolution equation of ζ in the presence of electromagnetic fields and calculate
its power spectrum Pζ and non-gaussianities (fNL, τNL) induced by electromagnetic field in
the kinetic coupling model with I(φ) ∝ a−n. Then, by using observation result of Planck
collaboration [44, 45], we obtain the constraints on the parameters of the model and inflation,
which are not only the tilt of electromagnetic fields spectrum corresponding to the model
parameter, n, but also inflation energy scale and total e-folding number. As a result, we
find that the allowed parameter region is reduced from the one where only the back reaction
problem is taken into account. Interestingly, the constraint from τNL is most stringent under
the assumption that the dominant source of the curvature perturbations is attributed to the
quantum fluctuations of the inflaton field. We also find that in the kinetic coupling model
the large τNL (& 10
3) can be realized even for the small fNL (. 10).
1 However in ref. [18] , the author claims “ Since the inflationary evolution commences in a regime of strong
gravitational coupling, it is not unreasonable that also the gauge coupling could be strong at the onset of the
dynamical evolution” and tolerates the strong coupling problem.
2 While we were preparing this paper, ref.[19] appeared on the arXiv. In ref.[19], the authors claimed a
10−16G magnetic field at present Mpc scale can be produced in the kinetic coupling model if I(η) is not a
monotonic but a complicated function.
3 Ref. [24–27] are earlier intensive works. See also them.
4 See, however, ref. [21] in which the author calculates the power spectrum of induced ζ without these
assumptions. But non-gaussianities are not computed there. Ref. [42] also treats non-flat electromagnetic
spectrum while the generation of CMB temperature fluctuation after the end of inflation is studied.
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The rest of paper is organized as follows. In section 2, we review the kinetic coupling
model and discuss the back reaction problem. In section 3, we derive the evolution equation
of ζ induced by the electromagnetic field during inflation. We also calculate its correlators
up to 4-point and obtain induced Pζ , fNL and τNL. In section 4, we compare these quantities
to observational results and show the restricted parameter region. We conclude in section 5.
2 Review of the kinetic coupling model and the back reaction problem
2.1 Model set up
We consider the kinetic coupling model [1–8] in this paper. Although it can not generate the
primordial magnetic field which is strong enough to be more than 10−15G at present [15–17],
it is nicely simple and gives us the essential understanding of the problem. Moreover this
model is interesting in terms of CMB observations because it can produce detectable level of
non-gaussianities. In this section we review the model.
In the kinetic coupling model, the kinetic term of U(1) gauge field is modified as
FµνF
µν → I2(φ)FµνFµν where φ is a homogeneous scalar field and is not necessarily in-
flaton and I(φ) is phenomenologically assumed to be the power function of conformal time,
I ∝ ηn. To restore the Maxwell theory after inflation, I is required to be unity at the end of
inflation ηf . Thus I(φ) is reduced as
I(φ) =
{
(η/ηf )
n (η < ηf)
1 (η ≥ ηf) . (2.1)
We do not specify the Lagrangian of φ and assume the quasi de Sitter inflation, the Einstein
gravity and the flat FLRW metric. Note that hereafter we consider only positive n to avoid
the strong coupling problem. Because if n is negative and the QED coupling eψ¯γµψAµ exists,
its effective coupling constant, e/I, becomes much larger than unity during inflation. In that
case, we can not calculate the behavior of Aµ without fully taking account of the interaction
effects [15].
Let us take the radiation gauge, A0 = ∂iAi = 0, and expand the transverse part of Ai
with the polarization vector ǫ
(λ)
i and the creation/annihilation operator a
†(λ)
k
/a
(λ)
k
as 5
Ai(η,x) =
2∑
λ=1
∫
d3k
(2π)3
eik·xǫ
(λ)
i (kˆ)
[
a
(λ)
k
Ak(η) + a†(λ)−k A∗k(η)
]
, (2.2)
where the hat of kˆ denotes the unit vector and (λ) is the polarization label. Notice the
behavior of Ak does not depend on the polarization in this model. The equation of motion
during inflation is given by [
∂2η + k
2 − n(n− 1)
η2
]
(IAk) = 0 . (2.3)
Assuming the Bunch-Davies vacuum, IAk = (2k)−1/2eikη, in the sub-horizon limit, the
asymptotic solution of eq. (2.3) in the super-horizon is
|IAk(η)| = Γ(n− 1/2)√
2πk
(−kη
2
)1−n
,
(
−kη ≪ 1, n > 1
2
)
, (2.4)
5 The polarization vector ǫ
(λ)
i satisfies kiǫ
(λ)
i (kˆ) = 0, and
∑2
p=1 ǫ
(λ)
i (kˆ)ǫ
(λ)
j (−kˆ) = δij − (kˆ)i(kˆ)j and the
creation/annihilation operators satisfy [a
(λ)
p , a
†(σ)
−q ] = (2π)
3δ(p+ q)δλσ, as usual.
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where we have neglected the constant phase factor. For 0 < n < 1/2, the asymptotic solution
is different and the generated electromagnetic fields are weaker than the cases of n > 1/2.
Hence we focus on n > 1/2 hereafter.
At this point, we can acquire three important consequences in this model. First, the
generated magnetic field is negligible compared with the electric field. The power spectrum
of electric and magnetic fields are given by
PE(η, k) ≡ k
3|∂ηAk|2
π2a4
, PB(η, k) ≡ k
5|Ak|2
π2a4
, (2.5)
where two polarization modes are already summed. Then PB/PE ≃ (−kη)2 and the magnetic
field is much smaller than the electric field in the super-horizon. Second, the unique model
parameter n controls both the time dependence and the tilt of the electromagnetic energy
spectrum. The energy contribution from each ln k mode of electric and magnetic fields can
be calculated from the action eq. (1.1) ,
dρE
d ln k
=
1
2
I2PE(η, k) =
Γ2(n + 12 )
22−2nπ3
H4 (−kη)2(2−n) , (2.6)
dρB
d ln k
=
1
2
I2PB(η, k) =
Γ2(n − 12 )
24−2nπ3
H4 (−kη)2(3−n) ,
where H is Hubble parameter. The above equation tells that the electric field grows (decays)
and the spectrum of the electric energy density is red-tilted (blue-tilted) for n > 2 (n < 2).
The flat spectrum can be realized in n = 2 case where the electric field stays constant. In
the magnetic case, the border of n is 3 in stead of 2. Finally, the magnetic power spectrum
at present is
P1/2B (ηnow, k) =
Γ(n− 12)
2
3
2
−nπ
3
2
(afH)
n−1k3−n ∼ 1023n−80G×
(
ρ
1/4
inf
1016GeV
)n−1(
k
1Mpc−1
)3−n
,
(2.7)
where ρinf is the energy density of the inflaton and af is a scale factor at the end of inflation
(a = 1 at the present). Here we assume the instant reheating and have af = ργ/ρinf with ργ
being the present energy density of the radiation which is given by ργ ≈ 5.7 × 10−125M4Pl.
From the above expression, we find that n & 3 is required to make the cosmic magnetic field
whose strength is more than the observational lower bound from blazars, 10−15G, at Mpc
scale.
2.2 back reaction problem
In sec. 2.1, we assume that inflation continues and the electromagnetic generation does not
change regardless of the amount of the electromagnetic fields. But if the energy density of
the electromagnetic field ρem becomes comparable with that of inflaton, inflation itself or
the generation of electromagnetic fields must be altered. Thus for the consistency of the
above calculation, ρem < ρinf should be satisfied. Unfortunately, however, in the parameter
range where the generated magnetic field is enough strong to explain the blazar observation,
namely n & 3, ρem becomes larger than ρinf . This problem is called “back reaction problem”
6 .
6In Ref. [16], the authors have investigated the possibility of the electromagnetic generation by taking
into account its back reaction and the dynamics of φ. In their case, although the inflation still continues,
the generation of the electromagnetic field is altered and fails to produce the magnetic field which is strong
enough to explain the blazar observation.
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From eq. (2.4), the energy density of electromagnetic field during inflation is given by
ρem(η) ≃ I
2
2
∫ aH
kmin
dk
k
PE(η, k) =
Γ2(n + 12 )
22−2nπ3
H4
[
(−kminη)2(2−n) − 1
2n− 4
]
, (2.8)
where we ignore the contribution of PB and kmin is the wave number of the mode which
crosses the horizon when I(η) starts to behave as (η/ηf )
n. Because of −kminη < 1, ρem(η) is
an increasing function of η for n ≥ 2 while the η dependence is negligible for n < 2. Thus for
n ≥ 2, it is sufficient to require ρinf > ρem(η) at the end of inflation for its satisfaction over
the entire period of inflation. This condition puts the upper limit on ρinf ,
ρinf
M4Pl
<
22−2n32π3
Γ2(n+ 12)
D−1n (Ntot) (n ≥ 2), (2.9)
where Ntot ≡ − ln |kminηf | and we define new function Dn for later simplicity,
Dn(X) ≡ e
(2n−4)X − 1
2n− 4 , limn→2Dn(X) = X . (2.10)
Substituting eq. (2.9) into eq. (2.7), one can obtain the upper limit of the magnetic power
spectrum at present. For example, the upper limits for n = 3 are
P1/2B (ηnow, k, n = 3) < 1.8 × 10−28G× exp [50−Ntot] . (2.11)
For n > 3, the upper bound on PB(ηnow, k) is more stringent. Therefore the kinetic coupling
model can not generate the primordial magnetic field with sufficient strength because of the
back reaction problem.
3 Curvature perturbation induced by electromagnetic fields
Recently the effect of vector fields in the kinetic coupling model on the curvature perturba-
tion draws attention. The electromagnetic fields behave as isocurvature perturbations and
they can source the adiabatic curvature perturbation on super-Hubble scales. The induced
curvature perturbation has distinguishing non-gaussianities which can be large enough for
detection [36, 37]. Planck data released in this March has given precise information about the
primordial curvature perturbation and also tighter constraints on the non-linearity parame-
ters which parameterize the non-Gaussian features of the primordial curvature perturbation.
These Planck constraints can translate into the limits on the parameters of the kinetic cou-
pling model and inflation. In this section, we derive the curvature perturbation induced by
the electromagnetic fields in the kinetic coupling model during inflation. Then we compute
its two-point, three-point, four-point correlators and their related non-linearity parameters.
3.1 Evolution equation of ζem
The curvature perturbation ζ(t,x) is defined as the perturbation of the scale factor a(t,x) on
the uniform density slice, ζ(t,x) ≡ ln [a(t,x)/a(t)] where t is the cosmic time. Let us derive
the evolution equation of ζ(t,x). The energy continuity equation holds on super-Hubble
scales [43],
ρ˙(t) = −3 a˙(t,x)
a(t,x)
[ρ(t) + p(t,x)]
= −3
(
H(t) + ζ˙(t,x)
)
[ρ(t) + p(t) + δpnad(t,x)] . (3.1)
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By subtracting its homogeneous part, we obtain the evolution equation of the curvature
perturbation on super-Hubble scales,
ζ˙(t,x) = −H(t)δpnad(t,x)
ρ(t) + p(t)
. (3.2)
Here the non-adiabatic pressure is defined as δpnad(t,x) ≡ δp(t,x) − p˙(t)ρ˙(t)δρ(t,x). In our
case where the background energy density is dominated by the inflaton field and the energy
density of the electromagnetic field is treated as a perturbation, we have
pinf ≃ −
(
1− 2
3
ǫ
)
ρinf , δρem = 3δpem, (3.3)
where ǫ is the slow-roll parameter and indices “inf” and “em” denote the contribution from
inflaton and electromagnetic fields, respectively. Hence eq. (3.2) reads [25, 27],
ζ˙em(t,x) = −2H(t)
ǫρinf
δρem(t,x), (3.4)
in the leading order of ǫ. Integrating it, we finally obtain the expression of curvature pertur-
bation induced by electromagnetic fields as [20]
ζem(t,x) = − 2H
ǫρinf
∫ t
t0
dt′δρem(t
′,x), (3.5)
where H, ǫ and ρinf are assumed to be constant during inflation and t0 denotes an initial time
when ζem(t0,x) = 0. Let us assume that the electromagnetic fields are originally absent be-
fore the generation during inflation and thus all electromagnetic fields exist as perturbations,
and hence we have δρE = ρE =
1
2I
2(η)E2(η,x) and neglect the contribution of the magnetic
energy (see the discussion below eq. (2.5)). By performing Fourier transformation of E(η,x),
the electromagnetic energy density is written in the convolution of two Fourier transformed
electric fields as
δρem(η,k) ≃ 1
2
I2(η)
∫∫
d3p d3q
(2π)3
δ(p + q − k)E(η,p) ·E(η, q) . (3.6)
By using eq. (2.2), (2.4), (3.6) and the definition of the electric field, Ei ≡ a−2∂ηAi, eq. (3.5)
reads 7
ζem(η,k) =
c2nρinf
9ǫM4Pl
∫∫ kmax
kmin
d3p d3q
(2π)3
δ(p + q − k) p 12−nq 12−n
×
∑
λ,σ
ǫ
(λ)
i (pˆ) ǫ
(σ)
i (qˆ)
(
a
(λ)
p + a
†(λ)
−p
)(
a
(σ)
q + a
†(σ)
−q
)∫ η
η0
dη˜ η˜3−2n (3.7)
where the lower end of the time integration, η0 = −max[p, q]−1, represents that only super-
horizon modes are considered as physical modes, kmax = −η−1f is the maximum wave number
exiting the horizon during inflation and we define cn as
I∂ηAk(η) = cn k
1
2
−nη−n, cn ≡
2nΓ(n+ 12)√
2π
. (3.8)
7 To be precise, the constant phase of the mode function which is neglected in eq. (2.4) should be included
in eq. (3.7) like
(
a
(λ)
p e
iξ + a
†(λ)
−p
e−iξ
)
where eiξ is the constant phase factor. However, since such phase factors
vanish after the calculation of the vacuum expectation value, we suppress them.
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Before closing this subsection, let us note that the anisotropic stress which can also
source the curvature perturbation is not taken into account here. However, the contribution
from the electromagnetic anisotropic stress is suppressed by slow-roll parameter ǫ in compar-
ison to the contribution from the non-adiabatic pressure during inflation [20]. Thus eq. (3.5)
is the leading order equation.
3.2 Calculation of 2, 3, 4-point correlators
Let us calculate two, three and four-point correlation function of the curvature perturbation
in the Fourier space. At first, we consider m-point correlator,
〈
m∏
i=1
ζem(η,ki)
〉
=
〈
m∏
i=1
(
c2nρinf
9ǫM4Pl
)∫∫ kmax
kmin
d3pi d
3qi
(2π)3
δ(pi + qi − ki)p
1
2
−n
i q
1
2
−n
i
×
∑
λi,σi
ǫ
(λi)
ji
(pˆi)ǫ
(σi)
ji
(qˆi)
(
a
(λi)
pi + a
†(λi)
−pi
)(
a
(σi)
qi + a
†(σi)
−qi
)∫ η
η0,i
dη˜i η˜
3−2n
i
〉
, (3.9)
where the bracket 〈· · · 〉 denotes the vacuum expectation value and is only relevant to a(λ)k
and a
†(λ)
−k . One can show 〈m−point〉 ≡
〈∏m
i=1
(
a
(λi)
pi + a
†(λi)
−pi
)(
a
(σi)
qi + a
†(σi)
−qi
)〉
is given by
〈2−point〉 = 2(2π)6δ(p1 + q2)δ(p2 + q1)δλ1σ2δλ2σ1 , (3.10)
〈3−point〉 = 8(2π)9δ(p1 + q2)δ(p2 + q3)δ(p3 + q1)δλ1σ2δλ2σ3δλ3σ1 , (3.11)
〈4−point〉 = 16
{
(2π)12δ(p1 + q2)δ(p2 + q3)δ(p3 + q4)δ(p4 + q1)δ
λ1σ2δλ2σ3δλ3σ4δλ4σ1
+(2↔ 3) + (3↔ 4)
}
+ (disconnected terms) , (3.12)
Since the calculation processes for m =2, 3 and 4 are analogous, we illustrate only the m = 2
case in detail. By virtue of the delta function and the Kronecker delta in eq. (3.10), the
polarization factor in eq. (3.9) reads∑
λ1,λ2
ǫ
(λ1)
j1
(pˆ1)ǫ
(λ2)
j1
(−pˆ2)ǫ(λ2)j2 (pˆ2)ǫ
(λ1)
j2
(−pˆ1) =
(
δj1j2 − (pˆ1)j1(pˆ1)j2
)(
δj1j2 − (pˆ2)j1(pˆ2)j2
)
.
(3.13)
and the η˜ integral in eq. (3.9) reads
2∏
i=1
∫ η
η0
dη˜i η˜
3−2n
i =
[
η4−2n − (−max[p1, p2])2n−4
2n − 4
]2
. (3.14)
Next one can perform the qi integrals by using δ(pi + qi+1). In the m = 2 case, we obtain
〈
ζemk1 ζ
em
k2
(η)
〉
= 2δ(k1 + k2)
(
c2nρinf
9ǫM4Pl
)2 ∫∫ kmax
kmin
d3p1d
3p2δ(p2 − p1 − k2) p1−2n1 p1−2n2
×
(
δj1j2 − (pˆ1)j1(pˆ1)j2
)(
δj1j2 − (pˆ2)j1(pˆ2)j2
)[η4−2n − (−max[p1, p2])2n−4
2n− 4
]2
. (3.15)
If n ≥ 2, the biggest contributions of the integrals in eq. (3.15) come from the pole where
p1 ≃ kmin and p2 ≃ kmin. In the rest of this paper, we concentrate on the cases where
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n ≥ 2. Then eq. (3.15) can be evaluated by the pole contributions. Note the integrand has
the symmetry of p1 ↔ p2. Even in the case of m = 3 and 4, the cyclic symmetry like,
p1 → p2 → · · · → pm → p1, exists. Thus if the p1 pole is evaluated, the other contributions
can be easily duplicated. The p1 pole contribution in eq. (3.15) is evaluated as
〈
ζemk1 ζ
em
k2
(η)
〉 ∣∣
p1≃kmin
=
32π
3 k31
δ(k1 + k2)
(
c2nρinf
9ǫM4Pl
)2 [
(k1/kmin)
2n−4 − 1
2n− 4
] [
(−k1η)4−2n − 1
2n− 4
]2
,
(3.16)
where we use the angular integral,
∫
dΩkkˆikˆj =
4pi
3 δij , and assume k1 = k2 ≫ kmin. 8 Notice
additional factors like (max[k1, k3]/min[k1, k3])
2n−4 ≥ 1 appear in the case of m = 3 and 4.
Nevertheless, we conservatively ignore those factors for simplicity by assuming all reference
wave numbers are close to the CMB scale, ki ∼ kCMB. Except for this point, the calculations
of m = 3, 4 case are closely analogous to m = 2 case. Therefore we obtain 2, 3 and 4-point
connected correlation function of the electromagnetic induced curvature perturbation at the
end of inflation ηf as
〈
ζemk1 ζ
em
k2
(ηf)
〉
=
64π
3k31
δ(k1 + k2)
(
c2nρinf
9ǫM4Pl
)2
Dn(Ntot −NCMB)Dn(NCMB)2, (3.17)
〈
ζemk1 ζ
em
k2
ζemk3 (ηf)
〉
=
64π
3
δ(k1 + k2 + k3)
(
c2nρinf
9ǫM4Pl
)3
Dn(Ntot −NCMB)Dn(NCMB)3
×
[
1 + (kˆ1 · kˆ2)2
(k1k2)3
+ 2 perms
]
, (3.18)
〈
ζemk1 ζ
em
k2
ζemk3 ζ
em
k4
(ηf)
〉
=
128π
3
δ(k1 + k2 + k3 + k4)
(
c2nρinf
9ǫM4Pl
)4
Dn(Ntot −NCMB)Dn(NCMB)4
×
[
(kˆ1 · kˆ2)2 + (kˆ1 · kˆ13)2 + (kˆ2 · kˆ13)2 − (kˆ1 · kˆ2)(kˆ1 · kˆ13)(kˆ2 · kˆ13)
(k1k2k13)3
+ 11 perms
]
,
(3.19)
where k13 ≡ k1+k3 ,Dn(X) ≡ (e(2n−4)X−1)/(2n−4) , e−NCMB = −kCMBηf and eNtot−NCMB =
kCMB/kmin . In the limit of n→ 2, these results coincide with the previous works [36, 37].
When n < 2, the correlators of induced ζ can not be computed as above because there
is no pole. Then we have to calculate the correlators by brute force. But if n is not too close
to 2, the results are expected to depend on neither Ntot nor NCMB. It is because the source of
curvature perturbation, I2PE(η, k), drops in the super-horizon as η2(2−n) and thus it sources
ζ right after its horizon-crossing only. Therefore since the resultant correlators are not just
much weaker than those in n ≥ 2 case but depend on neither Ntot nor NCMB, the motivation
to constrain them is inadequate. In this paper, we concentrate on the cases where n ≥ 2.
3.3 Power spectrum and Non-gaussianities
Let us connect 2,3,4-point correlators to the observable quantities in order to compare them
with the CMB observation results. Here relevant observable quantities are the power spec-
trum of the primordial curvature perturbations Pζ , and local-type non-linearity parameters
8The assumption of kCMB ≫ kmin which corresponds to NCMB < Ntot means the generation of electro-
magnetic fields begins much earlier than the horizon-crossing of CMB modes. Although it may be interesting
to consider the case where it begins after the CMB scale horizon-crossing, we focus on the former case in this
paper.
– 8 –
f localNL and τNL which parameterize the amplitudes of the 3- and 4-point functions of the
curvature perturbations in Fourier space, respectively. These are defined as
〈ζk1ζk2〉 = (2π)3δ(k1 + k2)
2π2
k31
Pζ , (3.20)
〈ζk1ζk2ζk3〉 = (2π)3δ(k1 + k2 + k3) (2π2 Pζ)2
6
5
f localNL
∑3
i=1 k
3
i∏3
i=1 k
3
i
, (3.21)
〈ζk1ζk2ζk3ζk4〉 = (2π)3δ(k1 + k2 + k3 + k4) (2π2Pζ)3 τNL
×
[
1
(k1k2k13)3
+ 11 perms
]
, (3.22)
where the small deviation from scale invariant spectrum of Pζ is neglected. By substituting
eq. (3.17) into eq. (3.20), one can easily obtain the induced power spectrum as
Pemζ (k, ηf) =
4
3
(
c2nρinf
9π2ǫM4Pl
)2
Dn(Ntot −NCMB)D2n(NCMB). (3.23)
As for f localNL and τNL, however, ki dependence of eq. (3.18) and (3.19) is different from that
of eq. (3.21) and (3.22), respectively. Thus they can not be compared straightforwardly 9.
But when eq. (3.18) and (3.19) are averaged over the direction of kˆi, their ki dependence
accord with that of eq. (3.21) and (3.22), respectively. 10 After angular averaged, eq. (3.18)
and (3.19) read
〈
ζemk1 ζ
em
k2
ζemk3 (ηf)
〉
ave
=
28π
32
δ(k1 + k2 + k3)
(
c2nρinf
9ǫM4Pl
)3
Dn(Ntot −NCMB)D3n(NCMB)
∑3
i=1 k
3
i∏3
i=1 k
3
i
(3.24)
〈
ζemk1 ζ
em
k2
ζemk3 ζ
em
k4
(ηf)
〉
ave
=
27π
3
δ(k1 + k2 + k3 + k4)
(
c2nρinf
9ǫM4Pl
)4
Dn(Ntot −NCMB)D4n(NCMB)
×
[
1
(k1k2k13)3
+ 11 perms
]
.
(3.25)
Therefore we obtain electromagnetic induced local-type non-gaussianities
f emNL =
225
33
(
c2nρinf
9π2ǫM4Pl
)3
P−2ζ Dn(Ntot −NCMB)D3n(NCMB), (3.26)
τ emNL =
2
3
(
c2nρinf
9π2ǫM4Pl
)4
P−3ζ Dn(Ntot −NCMB)D4n(NCMB). (3.27)
9Planck team also investigated the bispectrum which has such non-trivial ki dependences [45]. In order to
parameterize the angular dependence of the bispectrum they introduced the Legendre Polynomial expansion
[37], and they obtained the constraint on each coefficient of the expansion. The result seems to be almost
comparable to the constraint on f localNL and hence for simplicity we apply f
local
NL constraint to our result.
10Taking angular average, one can show (kˆ1 · kˆ2)
2 yields 1/3 if these two unit vectors are independent. But
for example, the averaged value of (kˆ1 · kˆ13)
2 depends on k1 and k3. In the limit of k1 = k3, which is the
squeezed limit where the terms with k13 become most important, the averaged (kˆ1 · kˆ13)
2 is 1/2 and averaged
(kˆ1 · kˆ2)(kˆ1 · kˆ13)(kˆ2 · kˆ13) is 1/6. Thus we approximate the angular averaged value of the product of vectors
depending each other by that in the relevant squeezed limit.
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Note our three results can be written in the similar form as
Pemζ ≃ Dn(Ntot −NCMB)G2n, (3.28)
f emNLP2ζ ≃ Dn(Ntot −NCMB)G3n, (3.29)
τ emNLP3ζ ≃ Dn(Ntot −NCMB)G4n, (3.30)
where Gn ≡ c2nρinfDn(NCMB)/9π2ǫM4Pl and O(1) numerical factors are dropped. Then we
obtain the general relationship between f emNL and τ
em
NL in the kinetic coupling model of n ≥ 2,
τ emNL ≃ [PζDn(Ntot −NCMB)]−
1
3 f emNL
4
3 . (3.31)
Therefore even if fNL ∼ O(1), the kinetic coupling model can produce a large τNL.
4 Observational constraints
In this section, we translate the Planck constraints on Pζ , f localNL and τNL [44, 45] into the
constraints on the model parameters of kinetic coupling model. Planck collaboration reports:
Pζ(kCMB) ≈ 2.2 × 10−9 , (4.1)
f localNL ≤ fobsNL ≡ 14.3 (95%CL) , (4.2)
τNL ≤ τobsNL ≡ 2800 (95%CL) . (4.3)
The expressions of these observable quantities predicted in the kinetic coupling model, namely
eq. (3.23), (3.26) and (3.27), include four unknown parameters n, ǫ,Ntot and ρinf . Therefore,
when three parameters out of four are fixed, the other one can be constrained by the obser-
vation. Note that NCMB can be estimated as
NCMB ≃ 62 + ln
(
ρ
1/4
inf
1016GeV
)
, (4.4)
where the instantaneous reheating is assumed for simplicity. In addition, if one assume the
dominant component of the power spectrum of the curvature perturbation is generated by a
single slow-rolling inflaton, the curvature perturbation, Pζ , is given by
P infζ ≡
ρinf
24π2ǫM4Pl
, (4.5)
and then ǫ can be determined by ρinf under eq. (4.1). However, this assumption is not
mandatory because the dominant component of the curvature perturbation can be generated
by the other mechanism like curvaton or modulated reheating11. Let us call the Pζ = P infζ
case “inflaton” case while the conservative case where Pζ = P infζ is not assumed is called
“curvaton” case although we do not specify the generation mechanism of Pζ as curvaton or
any other models.
11 Here, we neglect the non-Gaussianity generated in the curvaton or modulated reheating scenario.
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4.1 Constraint on Ntot −NCMB
First, let us discuss the constraint on Ntot−NCMB with changing the parameter n. Since we
assume Ntot > NCMB in the derivation of eq. (3.23), (3.26) and (3.27), we only consider the
positive value of Ntot−NCMB for consistency. Combined with the restriction that Pemζ , f localNL
and τ emNL can not exceed the observed value or upper limits, eq. (2.9), (3.23), (3.26) and (3.27)
can be rewritten as
BR : Ntot −NCMB < 1
2n− 4 ln
[
1 + (n− 2)
(
6π
cn
)2 M4Pl
ρinf
]
−NCMB, (4.6)
Pζ : Ntot −NCMB ≤ 1
2n− 4 ln
[
1 + (n− 2) 3
2
Pζ G−2n
]
, (4.7)
f localNL : Ntot −NCMB ≤
1
2n− 4 ln
[
1 + (n− 2) 27
10
fobsNL P2ζ G−3n
]
, (4.8)
τNL : Ntot −NCMB ≤ 1
2n− 4 ln
[
1 + (n− 2) 27
8
τobsNL P3ζ G−4n
]
, (4.9)
where Gn =
8
3c
2
nPinfDn(NCMB) by using eq. (4.5) and “BR” denotes the constraint from the
back reaction problem.
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Figure 1. The upper limit of Ntot−NCMB for n ≥ 2 when inflaton generates the observed curvature
perturbation. The horizontal axis is n− 2 and the vertical axis is Ntot −NCMB. The inflation energy
scale is set as ρ
1/4
inf
= 1016GeV (left panel) or 10−1GeV (right panel). The blue line denotes the upper
limit of Ntot −NCMB coming from the back reaction condition, ρinf > ρem, while the red, yellow and
green lines represent the upper limit from the induced Pζ , fNL and τNL from the electromagnetic
field respectively. In both panels, one can see that the smaller the Ntot or n − 2 is, the milder the
constraints are.
In fig. 1, we plot the upper limit on Ntot−NCMB of the “inflaton” case with changing n.
From these figures, we find that the constraint becomes more stringent as n becomes larger.
It is because the generated electric field becomes stronger for larger n > 2 (see eq. (2.6)) and
thus the induced curvature perturbation is amplified. Aside from the back reaction constraint
eq. (4.6), the upper limit from m-point correlator contains the factor
(
8
3cnDn(NCMB)
)−m
in
the argument of logarithm. In case with n = 2, it reads(
8
3
cnDn(NCMB)
)−m
n→2−−−→
(
600
(
NCMB
50
))−m
(m = 2, 3, 4) (4.10)
and it is even smaller for n > 2. Because of this factor, the higher m is, the more stringent
the constraint is. This behavior can be seen in fig. 1 as the fact that the constraint of τNL
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is the tightest in the left panel. Since low ρinf corresponds to low NCMB as shown in eq.
(4.4), the hierarchy among the constraints derived from Pζ , fNL and τNL is less significant
as can be seen in the right panel of fig. 1 where we plot the upper limit of Ntot − NCMB
for ρ
1/4
inf = 10
−1GeV case. For n = 2 case, the upper limit from τNL can be obtained from
eq. (4.9) as
Ntot −NCMB . 17×
(
NCMB
50
)−4( τobsNL
2800
)
, (n = 2, “inflaton” case) . (4.11)
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Figure 2. The upper limit of Ntot − NCMB for n ≥ 2 when the assumption that inflaton generates
the observed curvature perturbation is relaxed. The horizontal axis is n − 2 and the vertical axis is
Ntot − NCMB. The inflation energy scale and slow-roll parameter are set as ρ1/4inf = 1016GeV (left
panel) or 10−1GeV (right panel) and ǫ = 10−2, respectively. The blue line denotes the upper limit
of Ntot − NCMB coming from the back reaction condition, ρinf > ρem, while the red, yellow and
green line represent the upper limit from the induced Pζ , fNL and τNL from the electromagnetic field
respectively. The back reaction constraint is unchanged from the “inflaton” case since it does not
depend on ǫ. But one can see the other three constraints are much milder than those in fig.1.
In fig. 2, we plot the upper limit on Ntot − NCMB of the “curvaton” case by setting
ǫ = 10−2. In this figure, one can see that the constraint is considerably milder than the
“inflaton” case. It is interesting to note that the hierarchy among the four constraint is
inverted in the low ρinf plot (right panel). In fact, the upper bound from the back reaction
problem is most stringent for ρ
1/4
inf . 10
15GeV. Except for eq. (4.6), the upper limit from
m-point correlator contains the factor Pm−1ζ /Pminf in the argument of logarithm. Although it
reads P−1ζ in the “inflaton” case, in the “curvaton” case it yields an extra factor,( Pζ
Pinf
)m
≃
(
18 ×
( ǫ
0.01
)((1016GeV)4
ρinf
))m
(m = 2, 3, 4). (4.12)
Therefore the constraints from higher correlator substantially relaxed especially in low ρinf
region. At ρ
1/4
inf ≃ 1016GeV, this factor compensates the factor of eq. (4.10) and three con-
straints from Pζ , fNL and τNL are almost degenerate (see the left panel). They are coincident
with the back reaction constraint at ρ
1/4
inf ≃ 1015GeV. Thus the back reaction bound is the
most stringent for ρ
1/4
inf . 10
15GeV.
One can understand why the “curvaton” case with ǫ = 10−2 gives much milder bound
than the “inflaton” case as follows. From eq. (3.28)-(3.30), one can find Pemζ , f emNL and τ emNL
are increasing function of ρinf and decreasing function of ǫ. Thus one way of relaxing the
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upper limit is to increase ǫ. But ǫ can not vary freely in the “inflaton” case because ǫ is
determined by ρinf as
ǫ = 5.5× 10−4
(
ρinf
(1016GeV)4
)
. (4.13)
Therefore the “curvaton” case does not always put milder constraint than the “inflaton” case
but it does only when ǫ is larger than eq. (4.13).
4.2 Constraint on the inflation energy scale ρinf
If we change the set of input parameters from {n, ǫ, ρinf} into {n, ǫ,Ntot}, we can constrain
ρinf instead of Ntot − NCMB. Although eq. (2.9) gives the upper limit of ρinf explicitly,
we have to numerically calculate the bounds from Pζ , fNL and τNL. Provided that Ntot >
3
2NCMB, one can show that the constraints from Pζ , fNL and τNL give upper limits on ρinf .
12 Thus we adopt Ntot = 100, 300 and 1000 as the fiducial values. Note the energy scale of
inflation is naively restricted by the indirect observation of gravitational wave and the big
bang nucleosynthesis as
10−1GeV . ρ
1/4
inf . 10
16GeV , (4.14)
regardless of the kinetic coupling model.
In fig. 3, we plot the upper limits on ρ
1/4
inf . The basic property of the constraint is
unchanged from that on Ntot −NCMB because the origin of constraints is same. Again, one
can see that the larger n is, the tighter the constraints are. τNL gives the most stringent
bound in the “inflaton” case while the bound from the back reaction problem is the tightest
in low energy region of the “curvaton” case. In addition, now it is clear that the lower
ρinf is, the milder the constraints are. It is remarkable that Ntot & 300 is excluded in the
“inflaton” case. It is consistent with the right panel of fig. 1. Even if Ntot < 300, n and
ρinf are severely restricted in the “inflaton” case. On the other hand, the constraints in the
“curvaton” case are much more moderate. Especially ρinf is free from a new restriction if n
is sufficiently small. Furthermore, at low energy region, the tightest constraint is given by
the back reaction condition whose analytic formula is available. Since in the right hand side
of eq. (2.9) the most important factor is exp[(2n− 4)Ntot], eq. (2.9) can be approximated by
n− 2 . ln(M4Pl/ρinf)/2Ntot. Then the largest allowed n at ρ1/4inf = 10−1GeV is
n− 2 . 90
Ntot
, (“curvaton” case ). (4.15)
Since NCMB is as small as ≈ 23 at such low energy scale, n can be larger than 4 in principle.
However, the resultant magnetic field strength at present is depends on ρinf as PB ∝ ρ(n−1)/4inf
and thus a large n does not necessarily lead to a strong magnetic field.
4.3 Constraint on the strength of the magnetic field B
In terms of magnetogenesis, it is interesting to put the upper limit on the present strength of
the magnetic field, PB(ηnow, k). Combined with eq. (2.7), the upper limits on ρinf which we
obtain in the previous subsection by numerical calculations can be converted into the upper
limits on PB(ηnow, k). Those limits are shown in fig. 4.
12 One can find the condition when Pemζ , f
em
NL and τ
em
NL are increasing function of ρinf by differentiating them
with respect to ρinf and looking at their sign. It can be shown the conditions are Ntot >
m+1
m
NCMB, (m =
2, 3, 4) in the “inflaton” case while the conditions are far milder in the “curvaton” case.
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Figure 3. The upper limit of ρ
1/4
inf
for n ≥ 2. The horizontal axis is n− 2 and the vertical axis is ρ1/4
inf
[GeV]. In top two panels it is assumed that inflaton generates all observed curvature perturbation
(“inflaton” case) while that assumption is relaxed and instead ǫ = 10−2 is adopted in the bottom two
panels (“curvaton” case). The total duration of the electromagnetic field generation is set as Ntot =
100 (left panels), 300 (top right panel) or 1000 (bottom right panel). The shaded regions represent
the restriction from gravitational wave (blue) and big bang nucleosynthesis (red), respectively.
It is known that the strength of magnetic field generated is kinetic coupling model has
been already bounded above due to the back reaction problem and its present value can not
exceed 10−32G for Ntot = 70 and k = 1Mpc
−1 [15]. But it turns out that the upper limit
is 10−47G due to the constraint from τNL in the “inflaton” case (see the top left panel of
fig. 4). If Ntot is larger, the constraint becomes even severer. On the other hand, in the
“curvaton” case, the strongest value of magnetic field in the allowed region is smaller by only
a few orders of magnitude than that without the curvature perturbation constraints.
5 Conclusion
The kinetic coupling model (or IFF model) has drawn attention as both a magnetogenesis
model and a generation mechanism of the curvature perturbation and non-gaussianities.
Although it is known that the back reaction problem (BR) and the strong coupling problem
restrict this model from generating the magnetic field which is strong enough to explain the
blazar observation at present, the constraints from the curvature perturbation induced by
the electromagnetic fields during inflation are not yet investigated adequately.
In this paper, we compute the curvature power spectrum Pζ and non-linear parameters
f localNL , τNL of the curvature perturbation induced by the electromagnetic fields in the kinetic
coupling model with I ∝ a−n for n ≥ 2. Quite recently Pζ , f localNL and τNL are precisely
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Figure 4. The upper limit of the current strength of the magnetic field for n ≥ 2. The horizontal axis
is n− 2 and the vertical axis is P1/2B (ηnow, 1Mpc−1) [G]. In top two panels it is assumed that inflaton
generates all observed curvature perturbation (“inflaton” case) while that assumption is relaxed and
instead ǫ = 10−2 is adopted in the bottom two panels (“curvaton” case). The total duration of
the electromagnetic field generation is set as Ntot = 100 (left panels), 300 (top right panel) or 1000
(bottom right panel). The shaded region represent the restriction from gravitational wave (blue) and
big bang nucleosynthesis (red), respectively.
determined or constrained by the Planck collaboration. Thus by using the Planck result, we
constrain the parameters of the kinetic coupling model and inflation. We find that Pemζ , f emNL
and τ emNL are given by the functions of four parameters {n,Ntot, ρinf , ǫ} of the model and
inflation (see eq. (3.23), (3.26) and (3.27)). Therefore when three parameters out of four are
fixed, the other one can be constrained by the observation. Note in the case where a single
slow-rolling inflaton is responsible for all the observed curvature power spectrum, which we
call “inflaton” case, the slow-roll parameter ǫ is determined by inflation energy scale ρinf .
On the other hand, if the other mechanism like curvaton or modulated reheating produces
observed Pζ , ǫ can be a free parameter. For simplicity, this case is called “curvaton” case
while we do not specify any model.
In order to illustrate the constraints from the BR, Pemζ , f emNL and τ emNL, we show three kinds
of plot which represent the upper limit of Ntot − NCMB, ρinf and P1/2B (ηnow, 1Mpc−1) with
respect to n, respectively. The upper limits of the total e-folding number of magnetogenesis
before the CMB scale exits the horizon, Ntot−NCMB, can be expressed by analytical formula
as eq. (4.6)-(4.9). The upper limits of the inflation energy density, ρinf , need numerical
calculations to be obtained and can be translated to the upper limits of the present amplitude
of the cosmic magnetic field at Mpc scale, P1/2B (ηnow, 1Mpc−1). In general, all four constraints
– 15 –
from the BR, Pemζ , f emNL and τ emNL become tighter as n (≥ 2) is larger. It is simply because the
strength of generated electromagnetic fields are amplified as n (≥ 2) is larger.
In the “inflaton” case, interestingly, τNL gives the strongest limitation on parameters.
Even for ρ
1/4
inf = 10
−1GeV and n = 2, the constraint from τNL puts Ntot . 300 and it becomes
more stringent for higher ρinf or n. For Ntot = 100 and n = 2, in turn, ρ
1/4
inf . 10
4GeV is
required and ρinf should be even lower for larger Ntot or n. As for the magnetic field strength,
we find the upper limit from τNL is P1/2B . 10−47G at present Mpc scale for Ntot = 100. It
is 10−15 times lower than the upper limit of the conventional BR condition.
In the “curvaton” case, however, the constraints are more moderate if the free parameter
ǫ is larger than the “inflaton” case. For clarity we fix ǫ = 10−2 and show the constraints from
Pemζ , f emNL and τ emNL are weaker than the BR constraint if ρinf is sufficiently small. Thus even
if the induced curvature perturbation is taken into account, the resultant constraint is not
dramatically changed from the conventional BR restriction in the low ρinf region. In fact,
one can see in fig. 4 that the constraint on PB at present Mpc scale becomes tighter only by
O(10−1) than that given solely by the BR.
Aside from the constraints, we find the general relationship between f emNL and τ
em
NL in
eq. (3.31). According to it, even if fNL ∼ O(1) which is too small to be observed by the Planck
satellite, the kinetic coupling model can compatibly produce detectable τNL & 560 [46]. In
addition, it is expected that this model generates much higher correlators of the curvature
perturbation. Thus it is also interesting to investigate the higher order correlators both in
theoretical and observational sides. Furthermore, we use the averaging over the direction of
kˆi for fNL and τNL. It should be interesting to consider the direction dependence of τNL as
well as fNL.
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